Abstract. In Kontsevich-Soibelman's theory of motivic Donaldson-Thomas invariants for three-dimensional noncommutative Calabi-Yau varieties, the integral identity conjecture plays a crucial role as it involves the existence of these invariants. A purpose of this note is to show how the conjecture arises. Because of the integral identity's nature we shall give a quick tour on theories of motivic integration, from which lead to a proof of the conjecture for ground fields algebraically closed of characteristic zero.
Introduction
Historically, Thomas in his thesis and his paper [31] introduced an invariant for a 3-dimensional Calabi-Yau manifold M as a counting invariant of coherent sheaves on M , which analogizes the Casson invariant on a real 3-dimensional manifold. This kind of invariant was then named after him and his advisor Donaldson. According to [16] , the moduli space M of coherent sheaves on M can be locally presented as the critical locus of a holomorphic Chern-Simons functional f . By this, a Donaldson-Thomas invariant for M can be described as an integral of the Behrend function over the moduli space M. In view of [1] , the value of the Behrend function is defined in terms of the Euler characteristic of the Milnor fiber F f of the Chern-Simons functional f , from which the Donaldson-Thomas invariant arises. In [17] , replacing the Milnor fiber by a so-called motivic Milnor fiber (defined by Denef-Loeser [8] using motivic integration) Kontsevich and Soibelman study motivic Donaldson-Thomas invariants for 3-dimensional Calabi-Yau manifolds. The theory of Kontsevich and Soibelman allows, under appropriate realizations (e.g., a cohomology functor), to obtain refinements of (classical) Donaldson-Thomas invariants. The motivic Donaldson-Thomas invariants are also realized physically as "BPS invariants". Among 3-dimensional Calabi-Yau categories, the derived category of coherent sheaves on a compact (or local) 3-dimensional Calabi-Yau manifolds is a central object.
Let us now give a brief review due to [17] and [18] on the direct elements in KontsevichSoibelman's theory concerning the integral identity conjecture. Let C be an ind-constructible triangulated A ∞ -category over a field k. For any strict sector V in R 2 , we consider a collection of full subcategories C V of C. Then one can construct the motivic Hall algebra H(C) as a graded associative algebra admitting for any strict sector V an element A Hall V invertible in a completion H(C V ) of H(C V ). More precisely, in terms of a countable decomposition Ob(C) = i∈I Y i into constructible subsets such that GL(N i ) act on Y i , respectively, we have
where 1 S is the identity function interpreted as a counting measure (see [ , where V = V 1 V 2 and the decomposition is taken clockwisely. These constructions also depend on a constructible stability condition on C. By definition, a stability datum on the algebra H(C) = γ∈Γ H(C) γ consists of a morphism of abelian groups Z : Γ → C, with Γ a free abelian group endowed with an integer-valued bilinear form •, • , and a collection a = (a(γ)) γ∈Γ\{0} with property that there exists a positive real number c > 0 such that γ ≤ c|Z(γ)| for any γ ∈ Γ with a(γ) = 0. In other words, a constructible stability condition on C is what guarantees that the set of stability data on H(C) is the same as that of group elements in H(C) having the factorization property.
Assume that the field k has characteristic zero. It is obvious that the group schemes µ n = Spec(k[t]/(t n − 1)) and the maps ξ ∈ µ np → ξ p ∈ µ n form a projective system, whose limit will be denoted byμ. Let Var k,μ be the category of algebraic k-varieties X endowed with aμ-action σ. The Grothendieck group K 0 (Var k,μ ) is an abelian group generated by symbols [ , which is a square root of L. We consider a C 0 -linear associative algebra R Γ,C 0 generated by symbols e γ , for γ ∈ Γ, modulo the usual conditions e 0 = 1 and e γ 1 e γ 2 = L According to [17] , in the theory of motivic Donaldson-Thomas invariants for 3-dimensional Calabi-Yau categories, the map D : H(C) → R Γ defined by D(ν) = (ν, w) e γ , for ν ∈ H(C) γ , plays a central role (cf. [17, Theorem 8] ). Here w is the motivic weight and (•, •) is the pairing between motivic measures and motivic functions in the sense of [17] . The expected event that the map D is a homomorphism of Γ-graded Q-algebras in fact depends absolutely on the positiveness of the integral identity conjecture and the orientation data. Indeed, let us consider the elements ν E 1 and ν E 2 of H(C) given by the classes of the morphisms pt → E 1 ∈ Ob(C) and pt → E 2 ∈ Ob(C). By choosing orientation data defined in [17, Section 5] and using the Calabi-Yau property and the motivic Thom-Sebastiani theorem (cf. [9] , [23] and [20] 
if the following identity holds in the ring Mμ k :
Here, for any E ∈ Ob(C), W min E is the potential of a minimal model C min of C, which is a formal series in α ∈ Ext 1 (E, E), with Ext 1 (E, E) possibly viewed as an algebraic k-variety (see [17, Section 3.3] ). We denote by S f,x the motivic Milnor fiber of a formal function f at a closed point x in its special fiber, this motivic object lives in Mμ k and will be studied in most part of the note. Also, for N ∈ Z, the truncated Euler characteristic (E, F ) ≤N is defined to be i≤N (−1) i dim Ext i (E, F ). Finally, the elements I(h(E i )) and I(h(E α )) appear in the orientation data, which satisfy the main property of the orientation data on exact triangles. Processing all the information concerning the orientation data, it remains the following identity
,(0,0) .
As described in
Step 3 of the proof of [17, Theorem 8] , the potential W E 1 ,E 2 is a formal series f(x, α, β, y) in the graded vector space M E 1 ,E 2 defined as the abelianization of a series n≥3 W n /n in cyclic paths in the quivers Q E 1 ,E 2 with the vertices E 1 and E 2 , and with dim Ext 1 (E i , E j ) edges between E i and E j , for i, j ∈ {1, 2}. In such a cyclic path, both directions E 1 → E 2 and E 2 → E 1 have the same number of edges, thus the formal series W E 1 ,E 2 is G m,k -invariant with respect to the G m,k -action on M E 1 ,E 2 with the weights wt(x) = wt(y) = 0, wt(α) = −wt(β) = 1. Identifying Ext
k , for some positive integers d 1 , d 2 and d 3 , the previous formula is rewritten as follows.
Conjecture (Kontsevich-Soibelman). With the previous notation and hypotheses, the identity
holds in Mμ k .
The identity in this conjecture is known as the integral identity (cf. [17, Conjecture 4]) conjectured by Kontsevich and Soibelman to construct D as a homomorphism of algebras and to construct motivic Donaldson-Thomas invariants. In the present paper, we are going to recall some points of the standard language in formal geometry from which the conjecture will be restated in the most precise form (see Conjecture 4.6) .
Provided the integral identity conjecture is true the map D is a homomorphism of Γ-graded Q-algebras. Consider a certain extension of D to the completion H(C V ), for any strict sector V ⊂ R 2 . Then the collection of elements A mot V = D(A Hall V ) of the completed motivic quantum tori R V , for all such strict sectors V , is called the motivic Donaldson-Thomas invariants of the category C. By construction, the motivic Donaldson-Thomas invariants A mot V also satisfy the factorization property since the elements A Hall V do (cf. [17, Theorem 7] ). Because everything behind the integral identity conjecture is motivic integration in the sense of Sebag, Loeser and Nicaise for formal schemes and rigid varieties (cf. [29] , [22] , [24] and [28] , etc.), we shall express in what follows some important points of this theory. On the other hand, it is a fact that Hrushovski-Kazhdan's motivic integration (cf. [13] and [14] ) also plays a certain role in completing a proof for the conjecture, we thus devote the last section to mention it in practical aspects.
Special formal schemes and associated rigid varieties
Throughout the present paper, we work over a non-archimedean complete discretely valued field K of equal characteristics zero, with valuation ring R, with m the maximal ideal of R, and with residue field k = R/m. Let us fix a uniformizing parameter in R, i.e., a generator of the principal ideal m.
2.1. Special formal schemes. A topological R-algebra A is said to be special if A is a Noetherian adic ring such that, if J is an ideal of definition of A, the quotient rings A/J n , for n ≥ 1, are finitely generated over R. By [2] , a topological R-algebra A is special if and only if it is topologically R-isomorphic to a quotient of the special R-algebra
]. An adic R-algebra A is topologically finitely generated over R if it is topologically R-isomorphic to a quotient algebra of the algebra of restricted power series R{T 1 , . . . , T n }. Evidently, every topologically finitely generated R-algebra is a special R-algebra. We refer to [2, Lemma 1.1] for a list of essential properties of R-special algebras.
A formal R-scheme X is said to be special if X is a separated Noetherian adic formal scheme and if it is a finite union of affine formal schemes of the form Spf(A) with A a special Ralgebras. A formal R-scheme X is topologically of finite type if it is a finite union of affine formal schemes of the form Spf(A) with A topologically finitely generated R-algebras. It is a fact that the category of separated topologically of finite type formal R-schemes is a full subcategory of the category of R-special formal schemes, and both admit fiber products. On the other hand, a special formal R-scheme is separated topologically of finite type over R if it is R-adic. If X is a special formal R-scheme, any formal completion of X is a special formal R-scheme. Furthermore, by [30] , special formal R-schemes are excellent.
A morphism Y → X of special formal R-schemes is called a morphism of locally finite type if locally it is isomorphic to a morphism of the form Spf(B) → Spf(A) with B topologically finitely generated over A.
The following are some notation which will be useful later. For X a Noetherian adic formal scheme, we denote by X 0 the closed subscheme of X defined by the largest ideal of definition of X. Note that X 0 is a reduced Noetherian scheme, that the correspondance X → X 0 is functorial, and that the natural closed immersion X 0 → X is a homeomorphism. If X is a special formal R-scheme, X 0 is a separated k-scheme of finite type. We shall denote by X s the special fiber X × R k of X. By definition, X s is a formal k-scheme. If X is separated topologically of finite type then X s is a separated k-scheme of finite type, and X 0 = (X s ) red .
2.2.
The generic fiber of a special formal scheme. Let X be a special formal R-scheme. Then one can associate with X a rigid K-variety denoted by X η due to [3] or [7] , this rigid variety is called the generic fiber of the formal scheme X. The generic fiber X η is separated, but in general, not quasi-compact. Furthermore, the correspondance X → X η is functorial, i.e., it defines a functor from the category of special formal R-schemes to the category of separated rigid K-varieties. A special formal R-scheme X is called generically smooth if its generic fiber X η is smooth over K.
Because of working only on affine formal schemes we shall recall the explicit construction of generic fiber in this case, following [7] and [28] . Now assume that X = Spf(A) with A a special R-algebra. Let J be the largest ideal of definition of A. For any integer n ≥ 1, we put
i.e., the subalgebra of A ⊗ R K generated by A and −1 J n . If B n denotes the J -adic com-
induces a natural morphism of affinoid R-algebras c n : C n+1 → C n , and in its turn, c n induces an embedding of affinoid K-spaces Spm(C n ) → Spm(C n+1 ). Then one defines
There is a specilization map sp : X η → X defined as follows. Let x ∈ X η , and I ⊂ A ⊗ R K the maximal ideal in A ⊗ R K corresponding to x. Put I = I ∩ A ⊂ A. Then sp(x) is the unique maximal ideal of A containing and I . If Z is a locally closed subscheme of X red then sp −1 (Z) is an open rigid subvariety of X η , which is canonically isomorphic to (X /Z ) η , the generic fiber of the formal completion of X along Z (cf. [7, Section 7.1]). In particular, if Z is closed, defined by the ideal (g 1 , . . . , g s ) of A, then
The construction of specialization map can be generalized to any special formal R-scheme (cf. [7] ).
2.3.
Resolution of singularities of a special formal scheme. Conrad in [6] introduces the notion of normalization of a special formal scheme, and Nicaise in [28] recalls the definition of irreducibility in formalism. Let X be a special formal R-scheme, and n : X → X a normalization map (which is a finite morphism of special formal R-schemes). Then X is called irreducible if the underlying topological space | X| = |( X) 0 | is connected. For any special formal R-scheme X, we denote by X i , i = 1, . . . , r, the (topologically) connected components of X, and by n i the restriction of n to X i . Let X i denote the reduced closed subscheme of X defined by the kernel of the natural morphism
. . , r, are the irreducible components of X. In particular, the irreducible components of an affine special formal R-scheme Spf(A) correspond to the minimal prime ideals of A (see [28, Lemma 2.29] ).
Let X be a regular special formal R-scheme, i.e., O X,x is regular for any x ∈ X, and E a closed formal subscheme of X. Recall from [28] that E is a strict normal crossings divisor if, for each x in X, there exists a regular system of local parameters (x 0 , . . . , x m ) in O X,x , such that, at x, the ideal defining E is locally generated by i ), then the number m i is constant when x varies on E i . We call the natural number m i the multiplicity of E i and denote it by m(E i ). Then, if E 1 , . . . , E r are the irreducible components of E, we can write E as a Weil divisor as follows
Let X be a generically smooth, flat special formal R-scheme. By definition, a resolution of singularities of X is a proper morphism of flat special formal R-schemes h : Y → X, such that h induces an isomorphism on the generic fibers, Y is regular with the special fiber Y s a strict normal crossings divisor. As seen in the following theorem, in the case characreristic zero, such a resolution of singularities of a generically smooth, flat special formal R-scheme does exist. Let us explain some terminologies in the previous theorem, following [28] . Let X be a Noetherian adic formal R-scheme, J an ideal of definition of X, and I a coherent ideal sheaf on X. Then by definition, the formal blow-up of X with center I is the morphism of formal schemes
Note that Y is an adic formal R-scheme, and that the ideal IO Y is invertible on Y. The blow-up h : Y → X satisfies the following universal property: for each morphism of adic formal R-schemes h : Y → X such that IO Y is invertible, there exists a unique morphism of formal Assume that X is a special formal R-scheme, and I is open with respect to the -adic topology, i.e., I contains a power of . Within this condition, the blow-up h : Y → X with center I is called admissible. By [28, Corollary 2.17] , if h : Y → X is an admissible blow-up, Y is a special formal R-scheme, and if, in addition, X is R-flat, so is Y. Furthermore, the induced morphism of rigid K-varieties h η :
Here is the definition of dilatation of a flat special formal scheme. Let X be such a formal R-scheme, and I a coherent ideal sheaf on X containing . Let h : Y → X be the admissible blow-up with center I. Then, if U is the open formal subscheme of Y where IO Y is generated by , we call U → X the dilatation of X with center I. Like admissible blow-ups, dilatations commute with flat base change, with the formal completion along closed subschemes (cf. [ 3. Motivic integration on formal R-schemes 3.1. The Greenberg functor. The main reference for this paragraph is [12] ; we may see also [29] and [22] .
For n ≥ 0, let R n := R/( ) n+1 . In [12] , Greenberg showed that, for any R n -scheme X topologically of finite type, the functor Y → Hom Rn (Y × k R n , X) from the category of kschemes to the category of sets is presented by a k-scheme Gr n (X) topologically of finite type such that, for any k-algebra A,
Let X be a formal R-scheme quasi-compact, separated, topologically of finite type. Then it can be considered as the inductive limit of the R n -schemes X n = (X, O X ⊗ R R n ) in the category of formal R-schemes. The canonical truncation morphisms R n+1 → R n induce canonical morphisms of k-schemes
for every integer n ≥ 0. This follows that there is a canonical way to associate the formal R-scheme X with a projective system {Gr n (X n )} n∈N in the category of separated k-schemes of finite type. The morphisms θ n+1 n being affine, the projective limit Gr(X) of the system {Gr n (X n )} n∈N exists in the category of k-schemes. Note that one may write also Gr n (X) for Gr n (X n ). The following lemma is useful for Section 3.2.
Lemma 3.1 (Greenberg [12] ). The functor Gr respects open and closed immersions and fiber products, and it sends affine topologically of finite type formal R-schemes to affine k-schemes.
For a formal R-scheme X quasi-compact separated topologically of finite type, for n ∈ N, we denote by π n,X , or simply π n , the canonical projection Gr(X) → Gr n (X n ). By [29] , the image π n (Gr(X)) of Gr(X) in Gr n (X n ) is a constructible subset of Gr n (X n ). If, in addition, X is smooth and of relative dimension d, then by [29, Lemma 3.4.2] , the morphism π n : Gr(X) → Gr n (X n ) is surjective, and the canonical projection Gr n+m (X n+m ) → Gr n (X n ) is a locally trivial fibration for the Zariski topology with fiber A dm k . We refer to [29, Section 4.2] for the definition of piecewise trivial fibration mentioned in the following Proposition 3.2 (Sebag [29] , Lemma 4.3.25). Let X be a flat separated, quasi-compact, topologically of finite type formal R-scheme of relative dimension d. There is an integer c ≥ 1 such that, for e ∈ Z and n ∈ N with n ≥ ce, the projection
is a piecewise trivial fibration over π n (Gr (e) (X)) with fiber A d k , where
e (Gr e (X sing,e )).
3.2.
Loeser-Sebag's motivic integration. We have mentioned the Grothendieck ring Mμ k from beginning, but it is not sufficient in the framework of motivic integration of Sebag, Loeser and Nicaise. Most preferably, we refer to [10] and [25] for a useful relative version of it. Let X be an algebraic k-variety, viewed as acted trivially byμ, and let Var X,μ be the category of X-varieties endowed with goodμ-action. By definition, a goodμ-action on an X-variety Y is a group action µ n × Y → Y for some n ∈ N >0 , which is a morphism of X-varieties, such that each orbit is contained in an affine k-subvariety of Y . The Grothendieck group K 0 (Var X,μ ) is an abelian group generated by theμ-equivariant isomorphism classes
Using fiber product of X-varieties, one may equip K 0 (Var X,μ ) with a natural structure of ring. We also write L for the class [A 1 k × X → X, trivialμ-action], and define
For simplicity, we consider an element of Mμ X as an element of Mμ X,loc . Any morphism of k-varieties f : X → Y induces a morphism of groups f ! : Mμ X → Mμ Y by composition, and a morphism of rings f * : Mμ Y → Mμ X by fiber product. We write simply X for (X → Spec(k)) ! . Forgetting the action we obtain Grothendieck rings, which are denoted by M X and M X,loc . The previous definition of Grothendieck rings still makes sense for schemes of finite type and morphisms between them. This is important since in this paper we also need to work with base X being a k-scheme of finite type (e.g., the reduction of a special formal scheme). By abuse of notation we shall also denote these Grothendieck rings of schemes of finite type by M X , M X,loc , Mμ X and Mμ X,loc .
Let X be a formal R-scheme topologically of finite type. By definition, a subset A of Gr(X) is cylindrical of level n ≥ 0 if A = π −1 n (C) with C a constructible subset of Gr n (X). Denote by C X the set of cylindrical subsets of Gr(X) of some level. Then C X is a Boolean algebra, and it is stable by finite intersection, finite union and by taking complements. If A is cylindrical of some level, then π n (A) is constructible for any n ≥ 0 (cf. [22] ). Assume in addition that X is flat and of relative dimension d. A cylinder A of Gr(X) is called stable of level n if it is cylindrical of level n, and if for every m ≥ n the morphism π m+1 (Gr(X)) → π m (Gr(X)) is a piecewise trivial fibration over π(A) with fiber A d k . Note that if X is smooth, every cylinder in Gr(X) is stable. We shall denote by C 0,X the set of stable cylindrical subsets of Gr(X) of some level. In general C 0,X is not a Boolean algebra, but it is an ideal of C X . Proposition 3.3 (Lê [19] , Proposition 5.1). There exists a unique additive morphism 
If all the fibers α −1 (n) are stable cylinders and α takes only a finite number of values on A, we can use the restriction µ instead of µ, and the motivic integral then takes values in M X 0 . In this case, we shall denote the integral by A L −α d µ.
3.3.
Integral of a differential form. Let X be a flat quasi-compact separated topologically of finite type generically smooth formal R-scheme of relative dimension d, and let ω be a differential form in Ω d X|R (X). Let x be a point of Gr(X) \ Gr(X sing ) defined over some field extension k of k. Let R = R ⊗ k k , and let ϕ : Spf(R ) → X be the morphism of formal R-schemes corresponding to x. Since L := (ϕ * Ω d X|R )/(torsion) is a free O R -module of rank 1, its submodule M generated by ϕ * ω is either zero or n L for some n ∈ N. Then ord (ω)(x) is defined to be ∞ or n, respectively. Because of a canonical isomorphism
Xη (X η ) as a product ω = −n ω with ω ∈ Ω d X|R (X) and n ∈ N. Then we set ord ,X (ω) := ord ( ω) − n. This definition is independent of the choice of ω (cf. [28] ). Let ω be a differential form in Ω d
Xη (X η ). By [22, Theorem-Definition 4.1.2], the function ord ,X (ω) is exponentially integrable on Gr(X), so we can define
Following [24] , by a weak formal Néron model of X η we mean a smooth formal R-scheme Y topologically of finite type such that Y η is an open rigid subspace of X η and the canonical maps Y( R) → X η ( K) are bijective for any finite unramified extension K of K, where R is the normalization of R in K. By [22, Proposition 2.7.3] there exists a formal model X of X η whose R-smooth locus is a weak formal Néron model of X η . Let ω be a gauge form on X η .
and n ∈ N, and we put ord ,X (ω) := ord ( ω) − n, where this definition is independent of the choice of ω due to [22 
It implies that the restriction of the function ord ( ω) to U i is equal to the function ord (f i ) which assigns ord (f i (ϕ)) to a point ϕ ∈ Gr(U i ). Let f be the global section in O Y (U) such that f = f i on U i . Then, by glueing ord (f i )'s altogether, we obtain a function ord (f ) : Gr(X) = Gr(Y) → Z which is equal to ord ( ω). Since ω is a gauge form, f induces an invertible function on X η , hence by the maximum principle ord (f ) takes only a finite number of values (see the proof of Theorem-Definition 4.1.2 of [22] ). Therefore ord ,X (ω) takes only a finite number of values and its fibers are stable cylinders. In this case, we put
Note that this definition does not depend on the choice of the Néron model (cf. [28] ).
3.4.
Motivic integration on special formal schemes. Working on special formal schemes we shall use a stronger notion than weak Néron model, it will be called Néron smoothening. Let X be a special formal R-scheme. By a Néron smoothening for X we mean a morphism of special formal R-schemes Y → X, with Y adic smooth over R, which induces an open embedding Y η → X η satisfying Y η ( K) = X η ( K) for any finite unramified extension K of K.
Proposition 3.5 (Nicaise [28] ). Any generically smooth special formal R-schemes X admits a Néron smoothening Y → X. Moreover, we can choose Y to be a quasi-compact separated topologically of finite type generically smooth formal R-scheme.
In particular, if in addition X is flat and h : Y → X is the dilatation with center X s , then Y is a separated topologically of finite type generically smooth formal R-scheme (cf. [28] ). Hence we can choose a Néron smoothening Y for X to be a Néron smoothening for Y .
In [28] , Nicaise defines motivic integral on special formal R-schemes in the following way. Let X be a flat generically smooth special formal R-scheme, and h : Y → X be the dilatation with center X s . If ω be a differential form of maximal degree (resp. a gauge form) on X η , then one defines
(the integrals on the right were already defined in Subsection 3.3). If X be a generically smooth special formal R-scheme, we denote by X flat its maximal flat closed subscheme (obtained by killing -torsion), and define
The following proposition gives an equivalent definition of integral on special formal Rschemes X using a Néron smoothening for X. Proposition 3.6 (Nicaise [28] , Propositions 4.7, 4.8). Let X be a generically smooth special formal R-scheme, and Y → X a Néron smoothening for X. If ω is a differential form of maximal degree (resp. a gauge form) on X η , then
on X η , not on X. We shall denote it by Xη |ω|.
3.5.
Motivic integration on smooth rigid varieties. Let X be a generically smooth special formal R-scheme. We consider the forgetful morphisms
By Proposition 3.6, if ω is a differential form in Ω d Xη (X η ), then X 0 X |ω| in M k only depends on X η , not on X (cf. [22, Proposition 4.2.1]). One may define motivic integral on such type of rigid K-varieties as follows
If ω is a gauge form on X η , the image X 0 X |ω| in M k depend only on X η , thus we put
(See more in [22, Section 4] .) The previous type of rigid K-varieties (i.e., the generic fiber of special formal R-schemes) is in fact a particular case of bounded rigid varieties according to Nicaise-Sebag [26] . A rigid K-variety X is bounded if there exists a quasi-compact open subspace Y of X such that Y ( K) = X(K) for any finite unramified extension K of K. On a quasi-compact smooth rigid variety the motivic integral was already defined by Loeser-Sebag [22] , and inspired by this, Nicaise-Sebag [26] extend the notion to bounded smooth rigid varieties. If the previous X is smooth, so is Y , and one can define
In general, X |ω| lives in M k . However, if ω is a gauge form, then X |ω| belongs to M k . The integral is well defined, due to [26, Proposition 5.9] .
For any integer d ≥ 0, let GBSRig 
whenever (O i ) i∈J is a finite admissible covering of X, O I = i∈I O i for any I ⊂ J. We put
and defines a product on it as follows
Equipped with this product the Grothendieck group K(GBSRig K ) becomes a ring.
Proposition 3.7 (Lê [19], Proposition 5.3). There exists a unique homomorphism of rings
Φ : K(GBSRig K ) → M k such that Φ([X, ω]) = X |ω|.
4.
Motivic nearby cycles and the integral identity conjecture
For any formal R-scheme X, we define X(m) := X × R R(m) and X η (m) := X η × K K(m). If ω is a differential form on X η , we denote by ω(m) the pullback of ω via the natural morphism X η (m) → X η . Let X be a generically smooth special formal R-scheme, ω a gauge form on X η . According to [28] , the volume Poincaré series of (X, ω) is defined to be an element of
We remark that volume Poincaré series in motivic integration was firstly introduced by Nicaise and Sebag in [24] for any generically smooth separated formal R-scheme topologically of finite type together with a gauge form on its generic fiber. With the previous definition we recall a generalization of the volume Poincaré series by Nicaise in the framework of motivic integration for special formal schemes (see [28] ). In general, by [28, Remark 4.10] , the volume Poincaré series S(X, ω; T ) depends on the choice of , i.e., on the K-fields K(m). However, if k is an algebraically closed field, K(m) is the unique extension of degree m of K, up to K-isomorphism, hence S(X, ω; T ) is independent of the choice of . In [19] , we endow X(m) |ω(m)| with µ m -action for every m ∈ N >0 so that
S(X, ω; T ) lives well in Mμ
By Theorem 2.1, there exists a resolution of singularities of X. Fix such a resolution of singularities h : Y → X. Let E i , i ∈ J, be the irreducible components of divisor Y s = h −1 (X s ). Assume that the divisor Y s is written as Y s = i∈J N i E i . For nonempty I ⊂ J, we put
Choose a covering of E • I consisting of such open subsets U ∩ E • I , then the Galois coverings U ∩ E • I over U ∩ E • I can be then glued together in an obvious way to a covering E • I , which has a natural µ m I -action (obtained by multiplying the z-coordinate with elements of µ m I ). The µ m I -action induces a goodμ-action over E • I (cf. [8] , [10] and [4] ). Then theμ-equivariant
The following is a generalization of Nicaise [28, Corollary 7.13 ] to the version with action.
Theorem 4.1. Let X be a generically smooth special formal R-scheme of relative dimension d. Let Y → X be a resolution of singularities with special fiber Y s = i∈J N i E i . Let ω be an X-bounded gauge form on X η and µ i = ord E i (ω) for i ∈ J. Then the following identity
The limit S(X, K s ) := − lim T →∞ S(X, ω; T ) is independent of the choice of ω, namely
and called motivic volume of X. As shown in [27] , in fact, S(X, K s ) can be defined without the condidtion that X η admits a X-bounded gauge form (cf. [28, Proposition-Definition 7.38]). Note that the image of S(X, ω; T ) under the forgetful morphism depends only on X η , not on X (by Proposition 3.6), and we have
We then put S(X η , K s ) := X 0 S(X, K s ) = − lim T →∞ X 0 S(X, ω; T ) ∈ Mμ k and call it the motivic volume of X η . Let K(BSRig K ) be the Grothendieck ring of the category BSRig K of bounded smooth rigid K-varieties. The following is an analogue of [19, Proposition 5.5] in the action context. 
where ω is some gauge form on X. In particular, if X is a generically smooth special formal R-scheme, we have MV([X η ]) = S(X η , K s ).
4.2.
Motivic nearby cycle of a formal function. In this section we consider the special
with k a field of characteristic zero (hence we can choose = t). Consider a special formal R-scheme X with a non-constant formal function f : X → Spf(R) as the structural morphism. A resolution of singularities of X exists due to Theorem 2.1. Using the resolution of singularities h : Y → X mentioned in the previous section we have the following definition (which was originally introduced by Kontsevich-Soibelman [17] and Lê [19] ). Definition 4.3. The motivic nearby cycle S f of the formal function f : X → Spf(R) is the following
It is an element of the Grothendieck ring Mμ X 0 . Let us explain why the previous definition of S f is independent of the choice of resolution of singularities of X (for more details, see [19, Lemma 5.7] ). Observe that after taking the reduction of a formal k-scheme, the above construction of the Galois covering with Galois group µ m I is exactly the construction of DenefLoeser in [11] . In other words, Denef-Loeser [11] use resolution of singularities to formulate an expression of the motivic nearby cycle of a regular function, while base on the resolution of singularities of a special formal scheme (X, f) we use that formula to define the motivic cycles of f. Therefore, also as in Denef-Loeser [11] , the definition of S f does not depend on a particular resolution of singularities of X. Definition 4.4. Let x be a closed point of X 0 . Then the motivic Milnor fiber S f,x of a formal function f at x is the motivic quantity ({x}
This definition of S f,x is compatible with the definition of S f in the following sense. Let X /x be the formal completion of X at x. Let f x : X /x → Spf(R) be the formal function induced from f : X → Spf(R). Then Definition 4.3 can be applied to f x , and we have the following
Summarizing Section 4.1 and Definition 4.3 we get 
4.3.
The integral identity conjecture and geometric part of proof. At this time we have enough materials to state the integral identity conjecture in an exact way. Let k be a field of characteristic zero, and let (x, y, z) be a system of coordinates of the k-vector space
where ω is a certain gauge form on Z 0 and
Since Φ is a morphism of rings (cf. Proposition 3.7),
and, moreover, this identity also holds in Mμ k , by Corollary 4.5.
As mentioned in Conjecture 4.6, Z is the formal completion of A 
in Mμ k . Finally, by Corollary 4.5,
, which completes the proof.
Motivic integration of Hrushovski-Kazhdan
As shown in Theorem 4.7, the conjectural integral identity is equivalent to MV([X 1 ]) = 0 in Mμ k . However, in our approach, the foundation of motivic integration for formal schemes is not sufficient to prove the identity MV([X 1 ]) = 0. Fortunately, we may find out a solution in motivic integration of Hrushovski-Kazhdan (cf. [13] and [14] ) and concrete computations of Hrushovski-Loeser of motivic Milnor fiber (cf. [15] ). To apply this theory it is important to suppose that k is an algebraically closed field of characteristic zero, and results in general only hold in Mμ k,loc .
5.1.
The theory ACVF(0, 0) and measured categories. Let ACVF k((t)) (0, 0) denote the theory of algebraically closed valued fields of equal characteristic zero that extend k((t)) (cf. [13] ). The theory has two sorts VF and RV, and one imaginary sort Γ. The sort VF admits the language of rings. The language of RV consists of abelian group operations ·, /, a unary predicate k × for a subgroup and a binary operation + on k = k × ∪ {0}. The imaginary sort Γ is equipped with a uniquely divisible abelian group. For an algebraically closde valued field of equal characteristic zero L, we denote by R L (resp. m L ) its valuation ring (resp. the maximal ideal of
is a finite Boolean combination of set of the forms val(f 1 ) ≤ val(f 2 ) or f 3 = 0, where f i are polynomials with coefficients in k((t)). We also have definable subsets of RV n (L), Γ n (L) and k n (L) in the same way. There are natural maps between these sets rv : VF → RV, val : VF → Γ, val rv : RV → Γ and res : R L → k(L), and also an exact sequence of groups
Let µ Γ VF be the category of k((t))-definable sets (or definable sets, for short) endowed with definable volume forms, up to Γ-equivalence. One may show that it is graded via the following subcategories µ Γ VF[n], n ∈ N. An object of µ Γ VF[n] is a triple (X, f, ε) with X a definable subset of VF × RV , for some , in N, f : X → VF n a definable map with finite fibers and ε : X → Γ a definable function; a morphism from (X, f, ε) to (X , f , ε ) is a definable essential bijection F : X → X such that
away from a proper closed subvariety of X. Here, that F : X → X is an essential bijection means that there exists a proper closed subvariety Y of X such that F | X\Y : X \Y → X \F (Y ) is a bijection (see [13, Section 3.8] ).
Let µ Γ VF bdd be the full subcategory of µ Γ VF whose objects are bounded definable sets with bounded definable forms ε. If considering ε : X → Γ as the zero function, we obtain the categories volVF and volVF[n] as well as volVF bdd and volVF bdd [n] . In this case, the measure preserving property of a morphism F is characterized by the condition val(JacF ) = 0, outside a proper closed subvariety. For simplicity we may omit the symbol f in the triple (X, f, ε) when no confusion appears.
We also consider the category µ Γ RV graded by µ Γ RV[n] for n ∈ N, defined as follows. An object of µ Γ RV[n] is a triple (X, f, ε) with X a definable subset of RV , for some ∈ N, f : X → RV n a definable map with finite fibers, and ε :
away from a proper closed subvariety (which is called the measure preserving property). Denote by µ Γ RES[n] the full subcategory of µ Γ RV[n] such that, for each object (X, f, ε), val rv (X) is a finite set. The category µ Γ RV bdd is defined as µ Γ RV with val rv -image of objects bounded below. For each object (X, f, ε) of one of the previous categories, taking ε being the zero function we shall name the corresponding subcategories by volRV, volRV bdd and volRES. Let RES be a category defined exactly as volRES except the measure preserving property for morphisms.
Denote by µΓ[n] the category of pairs (∆, l) with ∆ a definable subset of Γ n and l : ∆ → Γ a definable map. A morphism (∆, l) → (∆ , l ) of the category is a definable bijection λ : ∆ → ∆ which is liftable to a definable bijection val
Let µΓ bdd [n] be the full subcategory of µΓ[n] such that, for each object (∆, l) of µΓ bdd [n], there exists a γ ∈ Γ with ∆ ⊂ [γ, ∞) n . By definition, the categories µΓ and µΓ bdd are the direct sums n≥1 µΓ[n] and n≥1 µΓ bdd [n], respectively. The subcategories whose objects are of the form (∆, 0) will be written as volΓ and volΓ bdd .
5.2.
Hrushovski-Loeser's morphisms generalized. Let C be one of the categories in the previous subsection. Then, as in [13] , we denote the Grothendieck semiring of C by K + (C) and the associated ring by K(C). By [13] , there is a natural morphism of
constructed as follows. Note that two objects admitting a morphism λ in µΓ bdd [n] define the same element in K + (µΓ bdd [n]), hence λ lifts to a morphism in µ Γ VF bdd [n] between their pullbacks. Thus there exists a natural morphism K + (µΓ bdd [n]) → K + (µ Γ VF bdd ) mapping the class of (∆, l) to the class of (val −1 (∆), l • val). Also, for each object (X, f, ε) in µ Γ RES[n], we may consider anétale map : X → k n . By this, we have the natural
bdd ) by sending the class of (X, f, ε) to the class of (X × ,res R n , pr 1 • ε). In particular, if X is Zariski open in k n , then X × ,res R n is simply res −1 (X). 
] loc , and moreover, α m is independent of the choice of coordinates for Γ n . Indeed, let λ be the morphism in µΓ bdd from (∆ l,e , l| ∆ l,e ) to (∆ , l ). Then |λ(γ)| + l (λ(γ)) = |γ| + l(γ) = |γ| + e and the claim follows. Thus α m induces a natural morphism of rings
By using [15] , As in [15, Section 4 .3], we define a series {t m } m≥1 by setting t 1 = t, t m nm = t n , n ≥ 1. For a k((t))-definable set X over RES, we may assume X ⊂ V i 1 /m × · · · × V in/m for some n, m and i j . It is endowed with a natural action δ of µ m . Now the k((t 1/m ))-definable mapping (x 1 , . . . , x n ) → (x 1 /rv(t It is important to recall a comparison result concerning HL and MV, which was proved in [19, Theorem 6 .1] and [20, Theorem 4.8] . Let X be a bounded smooth rigid k((t)) alg -variety endowed with a gauge form ω. Then we may consider (X, ω) as an object (X, α) of the category µ Γ VF bdd with α = val • ω. For simplicity, an object (X, f, α) of µ Γ VF bdd can be simply written as (X, α) when f is clear. 
